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Estimates for norms of two-weighted summation
operators on trees for 1 < p < q <∞
A.A. Vasil’eva
Abstract
In this paper, estimates for norms of weighted summation operators (discrete
Hardy-type operators) on a tree are obtained for 1 < p < q < ∞ and for
arbitrary weights and trees.
1 Introduction
First we give some notation.
Throughout this paper we consider graphs G with finite or countable vertex
set, which will be denoted by V(G). Also we suppose that the graphs have neither
multiple edges nor loops. Given a function f : V(G)→ R and a number 1 < p <∞,
we set
‖f‖lp(G) =

 ∑
ξ∈V(G)
|f(ξ)|p


1/p
.
Denote by lp(G) the space of functions f : V(G)→ R with finite norm ‖f‖lp(G).
Let T = (T , ξ0) be a tree rooted at ξ0. We introduce a partial order on V(T )
as follows: we say that ξ′ > ξ if there exists a simple path (ξ0, ξ1, . . . , ξn, ξ
′) such
that ξ = ξk for some k ∈ {0, . . . , n}; by the distance between ξ and ξ
′ we mean the
quantity ρT (ξ, ξ
′) = ρT (ξ
′, ξ) = n+1−k. In addition, we set ρT (ξ, ξ) = 0. If ξ
′ > ξ
or ξ′ = ξ, we write ξ′ > ξ. For j ∈ Z+ and ξ ∈ V(T ), let
V
T
j (ξ) := {ξ
′ > ξ : ρT (ξ, ξ
′) = j}.
Given ξ ∈ V(T ), we denote by Tξ = (Tξ, ξ) the subtree in T with the vertex set
V(Tξ) = {ξ
′ ∈ V(T ) : ξ′ > ξ}.
Let W ⊂ V(T ). We say that G ⊂ T is a maximal subgraph on the vertex set
W if V(G) = W and if any two vertices ξ′, ξ′′ ∈ W that are adjacent in T are
also adjacent in G. Given ξ, ξ′ ∈ V(T ), ξ 6 ξ′, we denote by [ξ, ξ′] the maximal
subgraph on the vertex set {η ∈ V(T ) : ξ 6 η 6 ξ′}.
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Let G be a subgraph in (T , ξ0). Denote by Vmax(G) and Vmin(G) the set of
maximal and minimal vertices in G, respectively.
Let (T , ξ0) be a tree, and let u, w : V(T )→ [0, ∞) be weight functions. Define
the summation operator Su,w,T by
Su,w,T f(ξ) = w(ξ)
∑
ξ′6ξ
u(ξ′)f(ξ′), ξ ∈ V(T ), f : V(T )→ R.
Given 1 < p, q < ∞, by Sp,qT ,u,w we denote the operator norm of Su,w,T : lp(T ) →
lq(T ), which is the minimal constant C in the inequality
 ∑
ξ∈V(T )
wq(ξ)
∣∣∣∣∣
∑
ξ′6ξ
u(ξ′)f(ξ′)
∣∣∣∣∣
q


1/q
6 C

 ∑
ξ∈V(T )
|f(ξ)|p


1/p
, f : V(T ) → R.
Let X, Y be arbitrary sets, f1, f2 : X × Y → R+. We write f1(x, y) .
y
f2(x, y)
(or f2(x, y) &
y
f1(x, y)) if, for any y ∈ Y , there exists c(y) > 0 such that f1(x, y) 6
c(y)f2(x, y) for each x ∈ X; f1(x, y) ≍
y
f2(x, y) if f1(x, y) .
y
f2(x, y) and f2(x, y) .
y
f1(x, y).
Theorem 1. Let (A, ξ0) be a tree, and let u, w : V(A) → R+. Suppose that
1 < p < q <∞. Then
S
p,q
A,u,w ≍p,q
sup
ξ∈V(A)
‖u‖lp′([ξ0, ξ])‖w‖lq(Aξ).
In [1] this result was proved under some restrictions on weights (see Theorems
1.2 and 3.6).
Given f : V(A)→ R, we set
‖f‖lq(lp(A)) =

 ∞∑
j=0

 ∑
ξ∈VAj (ξ0)
|f(ξ)|p


q
p


1
q
.
By Sˆp,qA,u,w we denote the operator norm of Su,w,A : lq(lp(A))→ lq(A). If p 6 q, then
‖f‖lp(A) > ‖f‖lq(lp(A)) and
Sˆ
p,q
A,u,w > S
p,q
A,u,w. (1)
Let
u(ξ) = uj, w(ξ) = wj, ξ ∈ V
A
j (ξ0). (2)
2
In addition, we suppose that there exist a number C∗ > 1 and a function S : Z+ →
(0, ∞) satisfying the following conditions:
C−1∗
S(j′)
S(j)
6 cardVAj−j′(ξ) 6 C∗
S(j′)
S(j)
, ξ ∈ VAj (ξ0), j
′ > j; (3)
S(0) = 1; (4)
there exist R0 > R > 1 such that
R0 >
S(j + 1)
S(j)
> R. (5)
Theorem 2. Suppose that 1 < p < q < ∞ and conditions (2), (3), (4), (5) hold.
Then
Sˆ
p,q
A,u,w ≍
p,q,C∗,R,R0
sup
j∈Z+
uj
(∑
i>j
w
q
i
S(i)
S(j)
) 1
q
≍
p,q,C∗,R,R0
sup
ξ∈V(A)
u(ξ)‖w‖lq(Aξ).
2 Proof of Theorem 1
The lower estimate for Sp,qA,u,w was obtained in [1, Lemma 3.3]. In addition, the
following result was proved (see [1, Lemma 3.1]).
Lemma 1. Let 1 < p < q < ∞. Then there exists σ = σ(p, q) ∈
(
0, 1
8
)
with the
following property: if (A, ξ0) is a tree with finite vertex set, u, w : V(A)→ (0, ∞),
‖w‖lq(Aη)
‖w‖lq(Aξ)
6 σ for any ξ ∈ V(A), η ∈ VA1 (ξ),
then Sp,qA,u,w ≍p,q
supξ∈V(A) u(ξ)‖w‖lq(Aξ).
Lemma 1 was proved by induction; here the discrete analogue of Evans – Harris
– Pick theorem [2] was applied.
Let {Tj}j∈N be a family of subtrees in T such that V(Tj)∩V(Tj′) = ∅ for j 6= j
′
and ∪j∈NV(Tj) = V(T ). Then {Tj}j∈N is called a partition of the tree T . Let ξj
be the minimal vertex of Tj. We say that the tree Ts succeeds the tree Tj (or Tj
precedes the tree Ts) if ξj < ξs and
{ξ ∈ T : ξj 6 ξ < ξs} ⊂ V(Tj).
Proof of Theorem 1. By B. Levi’s theorem, without loss of generality we may
assume that the tree A has a finite vertex set. In addition, we may consider only
strictly positive weight functions u, w.
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Let σ = σ(p, q) ∈
(
0, 1
8
)
be as defined in Lemma 1. Given ξ ∈ V(A), we denote
Vξ,σ = {η > ξ : ‖w‖lq(Aη) > σ‖w‖lq(Aξ)}. (6)
Then ξ ∈ Vξ,σ. Denote by Aξ,σ the maximal subgraph in A on the vertex set Vξ,σ.
Notice that Aξ,σ is a tree.
We claim that
‖u‖lp′(Aξ,σ)‖w‖lq(Aξ) .
p,q
sup
η∈V(A)
‖u‖lp′([ξ0, η])‖w‖lq(Aη). (7)
Indeed, let η ∈ V(Aξ,σ). Then there exists a vertex ζη ∈ Vmax(Aξ,σ) such that
η ∈ [ξ, ζη]. Indeed, otherwise for any vertex ζ ∈ V(Aξ,σ)∩V(Aη) the set V(Aξ,σ)∩
V
A
1 (ζ) is nonempty. Hence, we can construct an infinite chain ζ1 < ζ2 < ζ3 < . . . ,
ζj ∈ V(Aξ,σ). This contradicts with the assumption that the set V(A) is finite.
Thus, V(Aξ,σ) = ∪ζ∈Vmax(Aξ,σ)[ξ, ζ ]. Therefore,
‖u‖p
′
lp′(Aξ,σ)
6
∑
ζ∈Vmax(Aξ,σ)
∑
ξ6η6ζ
up
′
(η). (8)
Let us prove that
cardVmax(Aξ,σ) .
p,q
1. (9)
Indeed, if ζ , ζ ′ ∈ Vmax(Aξ,σ), then these vertices are incomparable and V(Aζ) ∩
V(Aζ′) = ∅. Hence,
‖w‖qlq(Aξ) >
∑
ζ∈Vmax(Aξ,σ)
‖w‖qlq(Aζ)
(6)
> cardVmax(Aξ,σ)σ
q‖w‖qlq(Aξ);
i.e., cardVmax(Aξ,σ) 6 σ
−q. From (8) and (9) it follows that there exists a vertex
ζ∗ ∈ Vmax(Aξ,σ) such that
‖w‖p
′
lq(Aξ)
‖u‖p
′
lp′(Aξ,σ)
.
p,q
‖w‖p
′
lq(Aξ)
∑
ξ6η6ζ∗
up
′
(η)
(6)
6
6 σ−p
′
‖w‖p
′
lq(Aζ∗ )
∑
ξ6η6ζ∗
up
′
(η).
This implies (7).
Let us construct a partition of the tree A into subtrees (Am, ξˆm), 1 6 m 6 m∗,
such that
Am = Aξˆm,σ, 1 6 m 6 m∗. (10)
To this end we construct a family of partitions of the tree A = A˜k ⊔Gk, 0 6 k 6 k∗;
here A˜k is a subtree in A rooted at ξ0, V(A˜k) = ⊔
mk
m=1V(Am), and Gk is a disjoint
union of trees Aηk,j , 1 6 j 6 jk. In addition, mk+1 > mk.
4
1. We set V(A˜0) = ∅, G0 = A, m0 = 0.
2. Suppose that a partition A = A˜k ⊔ Gk is constructed and V(Gk) 6= ∅. Denote
by A˜k+1 the maximal subgraph on the vertex set V(A˜k)∪
(
∪16j6jkV(Aηk,j,σ)
)
,
and by Gk+1, the maximal subgraph on the vertex set Gk\
(
∪16j6jkAηk,j ,σ
)
. Let
{Am}16m6mk+1 = {Am}16m6mk ∪ {Aηk,j ,σ}16j6jk. If V(Gk+1) = ∅, then we
stop.
From (6) and (10) it follows that
‖w‖lq(Aξˆk )
‖w‖lq(Aξˆm )
< σ if Ak succeeds Am. (11)
We define the tree D with the vertex set {ξˆm}16m6m∗ as follows: we write ξˆl ∈
V
D
1 (ξˆm) if and only if the tree Al succeeds the tree Am. Let uˆ, wˆ : V(D)→ (0, ∞),
uˆ(ξˆm) = ‖u‖lp′(Aξˆm,σ), wˆ(ξˆm) = ‖w‖lq(Aξˆm,σ). (12)
Then
S
p,q
A,u,w 6 S
p,q
D,uˆ,wˆ (13)
(it can be proved similarly as Lemma 3.4 in [1]).
We have
‖wˆ‖lq(Dξˆm ) = ‖w‖lq(Aξˆm ). (14)
Hence,
‖wˆ‖lq(Dξ′ )
‖wˆ‖lq(Dξ)
(11)
< σ, ξ ∈ V(D), ξ′ ∈ VD1 (ξ).
Applying Lemma 1, we get that
S
p,q
D,uˆ,wˆ ≍p,q
sup
16m6m∗
uˆ(ξˆm)‖wˆ‖lq(Dξˆm )
(12),(14)
= sup
16m6m∗
‖u‖lp′(Aξˆm,σ)‖w‖lq(Aξˆm ) 6
6 sup
ξ∈V(A)
‖u‖lp′(Aξ,σ)‖w‖lq(Aξ)
(7)
.
p,q
sup
η∈V(A)
‖u‖lp′([ξ0, η])‖w‖lq(Aη).
This together with (13) completes the proof.
3 Proof of Theorem 2
The following result was proved by G. Bennett [3].
5
Theorem A. (see [3]). Let 1 < p 6 q < ∞, and let uˆ = {uˆn}n∈Z+, wˆ = {wˆn}n∈Z+
be non-negative sequences such that
Muˆ,wˆ := sup
m∈Z+
( ∞∑
n=m
wˆqn
) 1
q
( m∑
n=0
uˆp
′
n
) 1
p′
<∞.
Let Sp,quˆ,wˆ be the minimal constant C in the inequality
(
∞∑
n=0
∣∣∣∣∣wˆn
n∑
k=0
uˆkfk
∣∣∣∣∣
q)1/q
6 C

∑
n∈Z+
|fn|
p


1/p
, {fn}n∈Z+ ∈ lp.
Then Sp,quˆ,wˆ ≍p,q
Muˆ,wˆ.
Proof of Theorem 2. By (1), (2), (3) and Theorem 1, it is sufficient to prove that
Sˆ
p,q
A,u,w .
p,q,C∗,R,R0
sup
j∈Z+
uj
(∑
i>j
w
q
i
S(i)
S(j)
) 1
q
.
Denote by {ηj,i}i∈Ij the set of vertices V
A
j (ξ0).
Let h : V(A) → R+, ‖h‖lp(A) = 1, f(ξ) =
∑
η6ξ
u(η)h(η). We estimate from above
the magnitude
∑
ξ∈V(A)
wq(ξ)
(∑
η6ξ
u(η)h(η)
)q
=
∑
ξ∈V(A)
wq(ξ)f q(ξ).
Let n ∈ Z+. Denote by Xn the disjoint union of intervals ∆n,i (i ∈ In) of unit
length. Let µn be a measure on Xn such that µn(∆n,i) = 1 and the restriction of µn
on ∆n,i is the Lebesgue measure. Then
µn(Xn) = cardV
A
n (ξ0)
(3),(4)
≍
C∗
S(n). (15)
We define the function ϕ : Xn → R by
ϕ|∆n,i = f(ηn,i). (16)
Given 0 6 k 6 n, s ∈ Ik, we set Qk,s = ∪ηn,i>ηk,s∆n,i. Then
µn(Qk,s) = card {i ∈ In : ηn,i > ηk,s}
(3)
≍
C∗
S(n)
S(k)
. (17)
Let
Pkϕ|Qk,s =
∑
η<ηk,s
u(η)h(η), Ekϕ = ϕ− Pkϕ. (18)
6
In addition, we set
Pn+1ϕ := ϕ, En+1ϕ := 0. (19)
Let us estimate from above the value∑
i∈In
|f(ηn,i)|
q (16)= ‖ϕ‖qLq(Xn). (20)
To this end, we argue similarly as in [4, Theorem 4.1], [5].
Denote by ϕ∗ : [0, µn(Xn)] → R+ the non-increasing rearrangement of the
function |ϕ|. Then for any t ∈ [0, µn(Xn)] there exists a set Yt ⊂ Xn such that
µn(Yt) = t, ∀x ∈ Yt |ϕ(x)| > ϕ
∗(t). (21)
Then
ϕ∗(t) 6
‖ϕ‖Lp(Yt)
[µn(Yt)]1/p
. (22)
Let k ∈ Z+,
µn(Xn)
S(k + 1)
< t 6
µn(Xn)
S(k)
. (23)
We set kn = min{k, n+ 1}. Then
‖ϕ‖Lp(Yt)
(18),(19)
6 ‖Eknϕ‖Lp(Yt) + sup
x∈Xn
|Pknϕ(x)|[µn(Yt)]
1/p.
This together with (22) yields that
ϕ∗(t) 6 ‖Eknϕ‖Lp(Yt)[µn(Yt)]
−1/p + sup
x∈Xn
|Pknϕ(x)|.
From (5), (21) and (23) we obtain
ϕ∗(t) 6 ‖Eknϕ‖Lp(Yt)[µn(Xn)]
−1/p[S(k)]1/p + sup
x∈Xn
|Pknϕ(x)|. (24)
Let kn > 1 (otherwise, Pknϕ = 0), and let x ∈ Qkn−1,s. For any 0 6 j 6 kn − 1
there exists the unique lj ∈ Ij such that ηj,lj 6 ηkn−1,s. Then
(Pj+1ϕ− Pjϕ)|Qj,lj
(18),(19)
= const, 0 6 j 6 kn − 1. (25)
Observe that P0ϕ = 0. Hence,
|Pknϕ(x)| 6
kn−1∑
j=0
|Pj+1ϕ(x)− Pjϕ(x)| 6
kn−1∑
j=0
‖Pj+1ϕ− Pjϕ‖C(Qj,lj )
(25)
=
7
=kn−1∑
j=0
‖Pj+1ϕ− Pjϕ‖Lp(Qj,lj )[µn(Qj,lj)]
−1/p
(17),(18),(19)
.
p,C∗
.
kn−1∑
j=0
[
S(j)
S(n)
]1/p
(‖Ejϕ‖Lp(Qj,lj ) + ‖Ej+1ϕ‖Lp(Qj,lj ))
(5)
.
p,R,R0
.
kn∑
j=0
[
S(j)
S(n)
]1/p
‖Ejϕ‖Lp(Xn)
(19)
=
min{k,n}∑
j=0
[
S(j)
S(n)
]1/p
‖Ejϕ‖Lp(Xn).
This together with (15) and (24) implies that
ϕ∗(t) .
p,C∗,R,R0
min{k, n}∑
j=0
[
S(j)
S(n)
]1/p
‖Ejϕ‖Lp(Xn) if
µn(Xn)
S(k + 1)
< t 6
µn(Xn)
S(k)
. (26)
Therefore,
∫
Xn
|ϕ(x)|q dx =
µn(Xn)∫
0
|ϕ∗(t)|q dt
(4),(5),(15),(26)
.
p,q,C∗,R,R0
.
n∑
k=0
S(n)
S(k)
(
k∑
j=0
[
S(j)
S(n)
]1/p
‖Ejϕ‖Lp(Xn)
)q
=: A.
(27)
We claim that
A .
p,q,C∗,R,R0
n∑
j=0
(
S(j)
S(n)
) q
p
−1
‖Ejϕ‖
q
Lp(Xn)
. (28)
Indeed, let ψj =
(
S(j)
S(n)
) 1
p
− 1
q
‖Ejϕ‖Lp(Xn). Then (28) follows from Theorem A and
the estimate
sup
06k6n
(
k∑
j=0
[
S(j)
S(n)
]q′/q) 1q′ ( n∑
j=k
S(n)
S(j)
) 1
q (5)
.
p,q,R,R0
. sup
06k6n
(
S(k)
S(n)
) 1
q
·
(
S(n)
S(k)
) 1
q
= 1.
We have
‖Ejϕ‖Lp(Xn)
(18),(19)
=
∥∥∥∥∥
n+1∑
i=j+1
(Piϕ− Pi−1ϕ)
∥∥∥∥∥
Lp(Xn)
6
n+1∑
i=j+1
‖Piϕ− Pi−1ϕ‖Lp(Xn).
From (27) and (28) we get that
‖ϕ‖qLq(Xn) .
p,q,R,R0,C∗
n∑
j=0
(
S(j)
S(n)
) q
p
−1
(
n+1∑
i=j+1
‖Piϕ− Pi−1ϕ‖Lp(Xn)
)q
.
p,q,R,R0
.
n+1∑
j=1
(
S(j)
S(n)
) q
p
−1
‖Pjϕ− Pj−1ϕ‖
q
Lp(Xn)
.
(29)
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The last inequality follows from Theorem A and (5) since
sup
16j6n+1
(
j∑
i=1
(
S(i)
S(n)
) q
p
−1
)1/q(n+1∑
i=j
(
S(n)
S(i)
)q′( 1p− 1q ))1/q′ (5)
.
p,q,R,R0
1.
Further,
‖Pjϕ−Pj−1ϕ‖
p
Lp(Xn)
(18)
=
∑
s∈Ij−1
∫
Qj−1,s
∣∣∣∣∣∣
∑
η6ηj−1,s
u(η)h(η)−
∑
η<ηj−1,s
u(η)h(η)
∣∣∣∣∣∣
p
dµn
(2),(17)
.
p,q,R,R0
.
∑
s∈Ij−1
u
p
j−1|h(ηj−1,s)|
p S(n)
S(j − 1)
=
S(n)
S(j − 1)
u
p
j−1
∑
s∈Ij−1
|h(ηj−1,s)|
p.
This together with (5) and (29) implies that
‖ϕ‖qLq(Xn) .
C∗,p,q,R,R0
n∑
k=0
S(n)
S(k)
u
q
k
(∑
s∈Ik
|h(ηk,s)|
p
) q
p
.
Hence,
∞∑
n=0
wqn
∑
i∈In
|f(ηn,i)|
q
(20)
.
p,q,R,R0
∞∑
n=0
wqn
n∑
k=0
S(n)
S(k)
u
q
k
(∑
s∈Ik
|h(ηk,s)|
p
) q
p
=
=
∞∑
k=0
(∑
s∈Ik
|h(ηk,s)|
p
) q
p
u
q
k
∞∑
n=k
wqn
S(n)
S(k)
6
6
[
sup
06k<∞
u
q
k
∞∑
n=k
wqn
S(n)
S(k)
]
∞∑
k=0
(∑
s∈Ik
|h(ηk,s)|
p
) q
p
.
This completes the proof.
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